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SUMMARY

In this paper the pressure method for incompressible fluid flow simulation is extended and applied to
the numerical simulation of compressible fluid flow. The governing equations, obtained from the physical
principles of conservation of momentum, mass and energy,are first studied from a characteristic point of view.
Then they are discretized with a semi-implicit finite difference technique in such a fashion that stability is
achieved independently of the speed of sound. The resulting algorithm is fast, accurate and particularly
efficient in subsonic {low calculations. As an example, the computer simulation of the von Karméan vortex
street is described and discussed.
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INTRODUCTION

In recent years a special pressure method has been used successfully to simulate numerically a
variety of incompressible fluid flow problems.'™® This method incorporates a space-staggered
mesh to discretize Navier—Stokes types of equations, and the pressure, at each time step, is
obtained implicitly by solving a simple system of linear aigebraic equations. The resulting velocity
field is exactly discrete divergence free, in agreement with the assumption of fluid incompressibility.
The method applies to transient flow simulation of non-homogeneous, non-isothermal, free
surface and porous reservoir problems in two and in three space dimensions (see Reference 1 for
details).

This method for incompressible fluids (in which the speed of sound is assumed to be infinite) is
extended here to compressible fluids, in which the speed of sound is a function of the pressure and of
the fluid density. Again, a space staggered mesh is used and the pressure, at each time step, is
determined implicitly in such a way that the equation of state is satisfied identically. Of course, a
fully implicit discretization of the governing equations would lead to a method which is
unconditionally stable; this procedure, however, involves the simultaneous solution of a large
number of coupled non-linear difference equations. For efficiency, then, only some terms of the
governing equations are discretized implicitly. Specifically, since in subsonic flows the time scale of
the speed of sound is faster than the time scale of the flow, our method uses an implicit
discretization only for those terms which are related to the speed of sound. As a result the method is
unconditionally stable with respect to the Courant condition for the speed of sound, which is the
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most restrictive condition for fully explicit methods in subsonic flow calculations. For supersonic
or slightly subsonic problems, a fully explicit or a fully. implicit method becomes more efficient
because the Courant stability condition on the speed of sound is no longer the critical restriction. A
similar idea of semi-implicit discretization of the governing equations was used in the SOLA-ICE
algorithm,® which allows for a more general equation of state, but requires, at each time step, the
iterative solution of a non-linear system of equations for the pressure. Moreover, the pressure
computed with the SOLA-ICE algorithm does not rigorously satisfy the equation of state. Our
method requires, at each time step, the solution of a simple linear system of algebraic equations. We
will show that this system has a unique solution and can be soived quickly and economically by
successive overrelaxation iteration. Alternatively, the use of a fully explicit time splitting method
which uses small time steps only for the fast time scale also results in an efficient algorithm. This
approach, recently investigated by Le Veque and Oliger,” becomes impractical if the speed of
sound is too large because the smaller time step has to satisfy the Courant condition for the speed of
sound.

GOVERNING EQUATIONS

The basic equations of gas dynamics which are commonly used to model transient compressible
flow in a given domain are derived from the physical principles of conservation of linear
momentum, mass and energy (see Reference 8 for details). The equations we will use are the
following: Euler’s equation of motion

9 o |-
p[aﬂqV)q]— \44 (1

where p is the fluid density, q = (u, v, w)" is the fluid velocity, and p is the pressure; the continuity
equation

0
T+ @Vp=—pVq &)

and the energy equation
ol
0[5;+(q'V)I}= AN 3)

where I is the internal energy per unit mass.
The equation of state relating the pressure to both the density and the internal energy, for an
ideal gas, is taken to be

p={(y—hpl @

where the constant y is the ratio of specific heats and is greater than unity. Note that viscosity, mass
diffusion and thermal diffusion terms have not been included in equations {1)—(3). However, there is
nothing in the general discussion which follows that limits us to consider inviscid flows only, and, at
present, such terms have been omitted merely for simplicity.

Let us now define the internal energy E per unit of volume as E = pl. An equation for E is
obtained by combining (2) with (3):

OE
2 T@V)E=—7EVq ©)

Equation (5) will take the place of the energy equation (3), so that the mathematical system (1), (2)
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and (5), written out in full in two dimensions, is

5u+u6_u+ ou_ 1dp
o ox v@y— p 0x

o ov ov 10p

6—t+ua+v$— Py
0E 0E OE <6u 60) ©)
= —yE il

E+u$+vg— 5.;—*_6}1

dp  dp  Op ou ov

and the equation of state (4) reduces to

p=(—1E (7

If the energy E in the third equation of system (6) is replaced with p/(y — 1), system (6) can be
written in matrix notation as

W OW W

hAA AL S\
ot A T B, =0 @®)
where W = (u, v, p, p)7, and
1
w0 0 vo ? 0
A=lo w0 o) B=|® " 5O
yp 0 u O O yw v O
p 0 0 u O p 0 v

If I denotes the identity matrix, the characteristic equation of system (8) is

det(ql +rA +sB)=0 &)
that is,
(q+ru+sv)2[(q+ru+sv)? —a*(r’ +s51)1=0 (10)

where a® = yp/p, and a is the local speed of sound. The triples (g, r, s) satisfying equation (10) are the
directions normal to the characteristic cone at its vertex.® Equation (10) decomposes into the
following two equations:

(q+ru+sv)*=0 (11)
and
(q+ru+sv)? —a*(r* +5%)=0 (12)

Hence, the characteristic cone consists of the line through the vertex parallel to the vector (1,u, v)
and the right cone whose axis is parallel to (1, u,v) with generating angle o, where a = tan « (see
Reference 9, p. 385). Note that, whereas the first part of the characteristic cone depends only on the
fluid velocity u and v, the second part, which is defined by equation (12), depends also upon the
speed of sound. Note also that the speed of sound in equation (10) arises from the coefficients of the
derivatives on the right-hand sides of the first three equations of system (6). Thus, these derivatives
must be discretized implicitly in order for a numerical method to be unconditionally stable with
respect to the Courant condition for the speed of sound. If the left-hand sides of each equation in
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system (6) are discretized with explicit finite differences, then a Courant type of stability condition
depending on the fluid speed must be satisfied; the latter, however, is far less restrictive than the
previous one in subsonic flow simulation. Based on this idea, we derive in the next section a finite
difference scheme for system (6) which uses an implicit discretization only for the derivatives on the
right-hand sides of the first three equations in system (6).

FINITE DIFFERENCE DISCRETIZATION

The finite difference mesh that we are going to use to discretize equations (6) consists of rectangular
cells of width Ax and height Ay. The field variables u, v, p, E and p are defined at the locations shown
in Figure 1. u-velocity at the centre of each vertical side of a cell; v-velocity at the centre of each
horizontal side; pressure p, energy E and density p at each cell centre.

Vij+1/2

Ui— vy | P Eupig | Wissa,

Ui j—1/2

4

Figure 1. Position of field variables

Once a finite time step At has been chosen, the first two equations of system (6), that is, the
momentum equations are discretized in the following way:

n+1 n n+1 n+1
Uivipa,j ~Uivaya,i _ _F" - L pidy,—pi;
= Lliv1257
At Pi+12.j Ax (13)
n+1 n n+1 n+1
Uij+iz ~ Vij+12 Gr L pilies—pij
=—Uij+t12 ™%
At Pij+1)2 Ay

where F7, ,,, ;and G7, , , contain the finite differences corresponding to the spatial discretization
of the convective terms at the time step t,. Particular forms for F}, ,,, jand G} ;. can be chosen
in a variety of ways, as, for example, by using a first-order accurate upwind formula or a simple
space centred difference formula. The latter, however, is unstable if no artificial viscosity is added to
the system. A still more sophisticated formula can be obtained by using a higher order upwind
differencing for convection.!® For the time being F7, ,,, ;and G} ;. , will be left unspecified. The
discrete variables p}, ;/, ;and p} ;.,,, in (13) are defined as simple averages from the closest scalar
grid points.

The third equation of system (6), that is the energy equation, is discretized at each cell centre as
follows:

E?jl - ETl = —H" —yE" v<“?:11/2,j - u?ff/z,j + U?,;«»luz - U?,}r—l 1/2) (14)
At H n Ax Ay

where HY ; contains finite differences corresponding to the spatial discretization of the convective
terms of the energy equation. A particular form for H} ; can also be chosenin a variety of ways and,
for the time being, it will be left unspecified.

The last equation of system (6), which can be written in the following conservative form:

op + opu) | Apv) _
ot O0x dy

0 ' (15)
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has been studied in several discretized forms. One such form, which is conservative, is the particular
upwind differencing scheme defined as follows:

+1
i - PL; Px+1/2 Uiri2.5— Pi-1)2, H i 1/2.j P;,+1/2vn jrip2— pi,j—l/zv?,j—l/z_
+ + =0 (16)
At Ax Ay
where
p?+l/2,j=p'il,j for uf, 1/2,j>05 Pivi, =Pl for “?+1/2,j<0
Pioi,j=Pi-1;  for wi_yp;>0, pi_ip ;=07 for wui_y;,;<0
Pii+12=PL; for U?,j+1/2>0, P?,j+1/2=l’?,j+1 for of4.2<0
Plij—iz=pij-1 for ¥ 1p>0, pi; 1p=p]; for vf;-12<0

Finally, the equation of state (7) is required to be satisfied at each cell center at all time levels:
piit=(y—DE};! (17

Once a discretization formula for the convective terms in the momentum and in the energy
equation has been chosen, F},,,, ;, G} .+, and H}; are determined and the finite difference
equations (13),(14), (16) and (17) can be used to generate recursively values of u, v, E, p and p at time
level n+ 1 from known values at time level n,n=0, 1,.... Specifically, values for pi;! can be
determined explicitly in each cell by using equation (16), whlle values for u?f{, ,vi7¢, EfT  and
pi ! follow by solving the linear system of equations determined by (13), (14) and (17), over the cell
configuration. Since this system has to be solved at each time step and because most of the
computational effort of the method is taken by the solution of this system, the next section will be
devoted to discussing the special iterative technique to be used.

PRESSURE EVALUATION

Unlike implicit methods, the determination of «**!,v"*!, E"*! and p"** can be accomplished
efficiently because the corresponding linear system determined by equations (13), (14) and (17) can
be reduced to a smaller one having only the pressures p? ' as unknowns. The reduced system is
then solved with the successive overrelaxation iterative method, which can be implemented in such
a fashion that the unknown pressures pf 1! and velocities u}f{,, ; and v{}}, , are determined
simultaneously. Finally, the new energy E",+1 satisfying (14) can be evaluated directly from the
equation of state (17). Specifically, we proceed as follows:
Elimination of E}}' from (14) and (17) yields

W — Wil e o,
prit =0 — DB — AtHY ) — vy — 1)E"At<' fl R g ’Ay - ’) (18)

Ifnow ulfi, ,ultl, ,oitt ,and i}, in(18)are replaced with the corresponding expressions
that one obtains from (13), we find the following finite difference equation for the pressure:

n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1
pr; 1

Pi+1,;— Di, pl —PDi-1, Pi.j+1 px] pl]
:1+1 ('Y'— I)E (At)z[ »d i j i -J
Pis i1, ](Ax) P;—l/z,j(Ax) Pi,j+1/2(AJ’) 01,1—1/2(13}’)

o n B (s — 1VEP Uis gy~ Wi-v2 |, Vijvi2 —Vij-12

F} —Fr 1, GY; —-GY
(y—l)E }(At) < l+1/2,]A i 1/2,j+ l,j+1/2A i,j 1/2) (19)
X y
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Equation (19), applied on each finite difference cell, yields a system of linear equations with
unknowns p}}'. This system, since y>1 and p}; and E}; are positive quantities, is strictly
diagonally dominant and has a unique solution Wthh can be obtained by successive

overrelaxation.
In sweeping the cells of the computational domain from left to right and bottom to top, the

successive overrelaxation formula for p}}! in (19) is given by
@ =Y~ { (P )™ =9y — DE] (Ar)?
i, J

) [(p,v:f,,-)‘v’ —( @) = ()Y

pi+ 1/2, j(Ax)z Pi—1/z,j(Ax)
AT Al WO v (pz',,t‘l)““’]
P+ 1/2(AJ’) Pij- 1/2(AY)2

—(y—l)[E?j—(At)H}',-]-Fy( I)E" At i+1/2,j““i—1/z,j+Ui,j+1/2_Ui,j—1/2
’ ' Ax Ay

J 34 .— F" R —
_ — DE” (AD? i+1/2,j i-1/2,j i,j+t1/2 Li—1/2
Wy — DEL(A) ( R — (20)

where v is the iteration index, w is an overrelaxation factor, and B ; is defined as

1 1 1 1 1 1
=149y — ])E?_-(At)z[ ( - +— >+ ( . +— >:| 21
o ! (Ax)*\ p}. 12,i Pi-1/2.j (Ay)? Pij+12  Pij-1j2 @)

Now, in cell (i, j), define the following iterative scheme for equations (13):

At (P )Y = E Y

n+1 v) — " . —(AF"? .
ey )) Uiv 12,5 (AOFii1)2, Py Ax
. , At (pn+1)(v) (pn+1 )(v+ 1)
(ui” H )( +1/2)_u; 1/2.j —(AFi. 12, " " A
Pi-12,j X (22)
. . . At (pi7 )™ =i
(Ul;}l/z) =0} ;12— (ADGY ;5 I,Z—Pﬁjﬂ/z Ay
) ) At (pn+1)(v) (pn+l )(v+1)
(vx -;—1 )( U= U:] 1/2 (AI)G, J—1/27 g
Pij-172 Ay
so that the iterative formula (20) can also be written in the following way:
(i =(pi; ) — {(Pl DO~y ~ DLET; — (AnH? ]
11
+(y—1yE} At[(u?:}ﬂ,j)w) — (@i, )
Ax
(Ul JJ+ 1/2)(V) - (vn+ ! )(V+ 12
A (3)
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The iterative formulae (22), (23), which are equivalent to (20), can be further simplified by defining
the pressure change (dp;} ') as

@Gpi = e {(Pl“)”’ (v — DLEY;—(AnHY ]

irj

N S0 U e
Ax
(V) _ fnt1 (v+1/2)
(U; ,+1/2) A(‘;; -1 ) :l} (24)
so that (23) reduces to
(PiFH* V= (pt; O+ (6pi Y (25)

and the velocity iterates on each side of cell (i, j) can be updated as follows:

(unﬂ )(”1/2)—(14"“ )(v)+ At (5pn+1)(v)
P?+1/2,; Ax
(un+1 )(v+1)__(un+1 )(v+1/2) At (51’?}1){")
i-1 n
Pic1zy  Ax 26)
(v+1/2) 1 At (optiH©™
CATND. =L ) P
Pij+12 Ay
(O1F2,,)0 D = (11 ) At (opri )™
1 i
! ! P?,j—uz Ay

The iterative procedure then is as follows. At each time level n + 1, the iterative procedure is
started by using the initial pressure iterates (p}; ' )'® equal to the pressure at the previous time level
p?; The initial velocity iterates are computed explxcltly by use of equations (22) with v = 0. Then,
for each cell (i, j), the pressure change (6p? ;') is calculated with (24) and the pressure at the centre
and the velocities on the sides of the cell (l Jj) are updated by using (25) and (26), respectively. These
operations are done by sweeping alil the cells of the computational domain, from left to right and
from bottom to top, until convergence has been achieved, that is, until, uniformiy,
6pr T 1Y /(i 1) * B < & for a fixed positive tolerance &.

This iterative procedure for the pressure equations (18) is of practical implementation on digital
computers and yields simultaneously the new fluid velocity u}}{,, ;and v7 7}, , at each time step.
The new values for the energy E} 7! are then obtained from the equation of state (17).

VON KARMAN VORTEX STREETS

Consider now a viscous, compressible fluid which flows in a rectangular domain defined by — 1 <
x < 1,0 < y < h. In order to account for the viscous effect on the flow, the viscosity terms must be
included in the momentum equations of system (6) (see, e.g. Reference 6), but the viscous
dissipation terms are neglected in the energy equation. Thus, the governing equations for this
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problem are taken to be

0u+u0_u+v%_ lﬁp_l_u i62u+62u+1 0%
ot ox oy  pox p\3dx? dy* 30xdy
o ua—v+u§g——-l§£+ﬁ 462v+620+1 2%u
at ox  dy  pdy p\3ay*  Ox* ' 30xdy
B, 005

ot Ox oy 75\ x dy

dp dp  dp ou v
E+u5;+v$———p a-l-a—y

where the viscosity u is assumed to be constant. The equation of state is again equation (7):
p=@—1E.

At the initial time t,, = 0, the fluid is assumed to be flowing upward uniformly with the vertical
boundaries and it is assumed to have uniform energy and density. Specifically, the initial conditions
are taken to be

u(x,y,0)=0
v(x,y,0)=016
—l<x<lO<y<h (28)
E(x,y,0)=1
p(x,y,0)=1

The velocity boundary conditions at the vertical boundaries are then

u(— lsy: t) = u(l,)/, t) =0

o—Lyt)=uvl,y,t)=01
At the initial time ¢, = 0, a rigid obstacle is placed centrally along the inflow bottom boundary so
that at subsequent times the flow is forced around the obstacle into the domain. Specifically, if the

obstacle has width 2d, with d <, the velocity boundary conditions at the bottom horizontal
boundary are taken to be

6}O<y<h,t>0 (29)

u(x,0,t) =0, —~l<x<lt>0,
o(x,0,8)=0, —d<x<d,t>0, (30

l
v(x,O,t)=m0-16, —I<x<—dd<x<lt>0

These conditions ensure an entry flow rate equal to the initial flow rate when the obstacle was not
present. The continuative outflow boundary conditions for the velocity are assumed at the top
boundary to be

0 0
MM 20, —l<x<Li>0 31)
ay y=h ay y=h
At the inflow boundaries values for the energy and for the fluid density are given by
E(x,0,0)=1
—l<x<—dd<x<lt>0 (32
p(x,0,1)=1
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The parameters of the problem are taken to be u=001,y=11,1=20, h=60 and d=4.

To avoid a symmetric flow pattern, we now simply change u(17, 1275, 0) from 0 to 0-01.

Equations (27), with the given initial and boundary conditions, can now be solved using the
numerical method described in the previous section. Note first that, owing to the presence of the
viscous terms in the momentum equations of system (27), a simple space centred finite difference
formula can be used to discretize the convective terms with no additional artificial viscosity
required for stability. The viscous terms can also be discretized with simple, explicit finite
differences, which are thenincluded in F} |, ;and G} ;, ,,. Specifically, F}, ,,, g G} iv12and HY
in this problem, are taken to be

l]’

Uita,;— Ui-1)2, Pri2.g+1 — Uiv,j-
F" =yt it3/2,) 12 4 pn Uit1/2,j+1 i+1/2,j—1
i+1/2,j i+1/2,j 2Ax i+1/2,j 2Ay
K [4“?+3/2,j—2“?+1/2,j+“?—1/2,1'
3
Pivy2.il 3 (Ax)
+ Uit yz,je1 — 2Uiv 1ot Uivi2,j-1
Ay
y
n
1”?+1,j+1/2—Ui+1.j—1/2—"?,j+1/2+”?,j—1/z]
3 (Ax)(Ay)
e TV S SSUAST, Suk ot WLV SR WL Vo ST}
Lj+1/2 ij+1/2 2Ax i,jt+1/ 2Ay
_H [41){"”3/2—20?,,-“/2+U?,j—1/z Virrgryz — 200012 H0- 15412
3 2
Pri+12l 3 (Ay) (Ax)
+1u?+1/2,j+1'—u?+1/2,j"'u'il—1/2,j+1+u?—1/2,j:l (34)
3 (Ax)(Ay}
no_pn E*. . _E".
R —-1,j ihj+1 i,j—1
T e 35)
tJ i) 2Ax Ly 2Ay (

where the discrete variables u} ;. 1,2, Ui+ 1/2.p» Pl41/2,p PLj+1/2> Ui and vf; are defined as simple
averages from the closest scalar grid points.’

The flow domain is now covered with 40 by 40 finite difference cells having width Ax =1 and
height Ay = 1-5, the overrelaxation factor is fixed to be @ = 1-5, the convergence criterion ¢ is 1073
and a numerical solution is generated at times ¢, = nAt,n=1,2,..., with a time increment At = 1.
Figures 2-7 show the computer generated velocity field relative to the moving vertical boundaries
at times t = 500, 1000, 1500, 2000, 2500 and 3000, respectively. Initially, the wake of the obstacle is
laminar; then, as time advances, a regular pattern forms of vortices which move alternately
clockwise and counterclockwise. At large times the solution becomes periodic with a period of
approximately 200 time units. Figures 5 and 7 show the solution after five periods, and they are, in
fact, almost entirely identical; whereas Figures 6 and 7 show the solution after two and half periods,
and they are almost entirely symmetrical. These vortex patterns form the well-known von Karman
vortex street, which is frequently observed in experiments when the Reynolds number is between
certain limits.!* The deformation of the uppermost vortex shown in Figures 5-7 is due to its
interaction with the lateral walls. Note, finally, that the speed of sound at the inflow boundaries is
a = /110 and hence our method has allowed the use of a time step which is over ten times the
maximum time step allowed by the Courant condition.



V. CASULLI AND D. GREENSPAN

2

t

[

e
P I
i cean
Tt eso
P
v et eren
PR
PRI
P
t142400
tsraasa
IR ER
tnrarad
Teastad
NN
[N ENE]
[N
[EEE NN

)

.

.

P

B el T R R R

'
)
1
1
\
Y
1
\
\
\
i
\
\
i
i

Figure 2. 1 =500

i Y — e -~ w .

~ v

t
[
[y
\

mreamaaANYALNASNS S

vl
PN

ArANANANRNNS -
R ANNNANNNS =
B S 5 2 e

R T R O

L L L T PR R

L N R R ]

LR R R O N I I N Y

L A NN NN I

LIRER R RO PIPPPPPR
ANV ey prpm o
NNV NN e o s p 2 m

N NN S o i e

N N N S S e e e e =

S S pf S PP s e o

R N N N E N2l etninin haindaddd
AN N N R NN NP L bt

TasIAL eSSy

.....\\\\\\\\\\“.\\\\\
Ce e saaaaanaARRAS T e
cee e s\\\\\\\\\\\\srl Iy
R N e
T T TN AT

ISt AN R E L

I

ceersssssL g,

P I
[N

.
1V raas
[
11110

I/;;

oo

llllllll-,l
19 llll\-,//
lll-~,//
7
\

124

I

rraee-
srrees
S

P
——————

(e
0

NN

I,\\\\\\

R AR R RY
R R RN
SRR RN)
stivte
(RERRN)

“eme .

[y

T
1
:
’,
-

X T N N T R
R R T 7 7 7 7 2 L R R R R R R
R L 77 77 LR R R TR R I
R Y T T TR
R R 770 2 R R R R R
R R R R R R I
B R TV T T 7 T L LR R R R
R R B e LR R R
R R E R T P R
R R R R R R F TR R
R A R R R S R R I
B R
R R LR
R C R L R R R
R R R R PRI
R A R S S RO RPN
R R RN R R
R AR RS RN B B T PR
R I foreene .
R A Lo OPePPR N
SRR Ry ¥ Y ) E R R R
B 1 1 1 LSRR
....-.---......,IIIIII,-<_.,... PSR
...............,IIIIII,__<..... Srviae.
.lllllllntn--...'l ,/,-~-\~\\- AL R AR Y
ey Jre=sssraaaaian
ey pesvs I I AL LI,
R R R RN Jreveysaaaaiane,
..lllllll"-----\\ l,.\\\\\\\\ll\l\'
.‘:axlu.;...—.--\\\ garIVIVIIALI I,
-Ill‘l'l'lll—v——\\ ’.\\\\\\I\IIIII\

'lllvlft\\ '.‘\I\\\I\|||I\\

lllllll'\\ ,--\\\\\II\\\\I\

‘lll'll" I-\\\\\\Illll||\

Illl'lln| I.\\\\\II\\\“‘\

lllllll-l Is\\\\llll\lll\l

LRI O I O 2 Y ’s\\\lllll\ll\\l

IIIIIII'I ALV RY R LIy

LR R B A B B ‘lll\llll\lllll\

1111y |l|\|llll|\lllll

T 1

Figure 3. 1 = 1000

IE

Figure 4. 1 = 1500

Figure 5. ¢ = 2000

D e
IlIlllllllIllr——--\\\\\\\\\\\\\\\~---..
L e R R R R P P R OO
L L R PP
lllllllllllllc:.-...‘\\\\\\N\\\\\\\\\\!
-nlllllll111«4,,.....-...‘.-\\\\|||\ltl
.nltlllllllllz,--~-..-:,::;,//,/1,||||.
R R R R TPy Yy YN
AASVIUE N v o v ooy ypprrrmmvcrrrrrr oy
R R sy
R R R Yy e e
I B S T N SN p
AN AN N e m === e a4
EEREENN ———————n e
N N e et e = = e v e b
B R R R e e I SN IL O
R L R R RN R PR Ll L L R
R R N XS T R R A A L
R e S CCE R A LA AR IR
B R N N R ST I
R R R e N R A
B I R I TN AP
R R R
...::¢¢,.,.——-————-\\\\\\\\\~-----. ..
R R AR A A R R R A
R e O T P B B
..,:l:/1111:1///—~\',//,,,,,,,........,
..,;r;:;.,:::::,.,///////,,,,_.....‘...
.:llllllllllll\-,/ 2R R R
N RN RN R S A S
RPN TSN/ 7/ SosantatibONNS
YY) e e R DR
R R ///,_\\\\xx.\~.‘.||.
.:1::1::......‘\{\ ',—\\\\\\\\l\\ll\l
TN \‘.\\\\\\\Il\\\lll
LT, \\\nll\l\\\\\l\lal
;1::11:::::.,a_/\\ \\ \‘.l\\l|l\l\l|'xx
R AR R R RN \\\ I-lllll\lll!lll\
RN NN NN (RN NN NN
llllllllllllllll! llllllllllllllll
ERRREL




TRANSIENT, COMPRESSIBLE FLUID FLOWS

VWVt s nn, ppvvvmmmmacrrrr ity
p 1t VS8 SN e aeisppppprerimemsmsmme e p 2 1 4 4y
IR ERRRRLTN R D) mm—m—mrrsra
PRI T 1 0 N P S
U A A A N St e = e a s a4 s

CEvAAS e mm e

v tes ~—emme e

Vi ppmmmmn v ———— et e e N v 4 4 s

........ R R Ry PP e L IR
.......... B T T P et R
............ RN LR R R I I
............. RS TR R R R R R R LI
.":1-'-'...-N\\\\\\NNNNSN-JIIIllllll...
..... L e I
R T e R I AT AR
R A R e e A GO L L LSRR
R R T T pamae s R S U U T U U T Tt
R R RS E N} L L PR
.;::::1:111//;/——\\“"111,,, ..........
.:1tg:11111/////-”11//////;: ...........
.,:u:.:::ax:lll.,,//////,,,, ............
‘,::::un.-n||\_///////,,,,,__.-........
.:::::-:nnu\\\_/////////,,, ...... IR
R R T R N A
114550

/1o
»

N

R RN
p—
V,—\\\\\\\\ll\\lllv

\\cl\\llllllllllll
\-ll|l\\\\llll\ll

/17
RN N A ..\\{kl/
PEEEET R s \ ety rraiats s,
R R R R
L R R e
‘l:ltlnnlllllfz/\}i NN R

\
|
HH

Figure 6. ¢ = 2500
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Figure 7. t =3000

These computations were performed on the DEC-20 computer at The University of Texas at
Arlington and the solution at ¢ = 3000 was reached in only 45 min. of CPU time. For the interested
reader, the FORTRAN program for this specific problem is provided in the Appendix of

Reference 1.2.

CONCLUSION

The method presented in this paper is a new finite difference method for transient, compressible
fluid flow simulation. The characteristic equation of the flow model is first studied in order to
determine that special semi-implicit discretization which allows us to avoid the Courant stability
condition for the speed of sound. An efficient algorithm for the practical implementation of this
method on digital computers is also provided. As an example, a von Karman vortex street has been
simulated and the results thus obtained compare well with observation and experimentation. Use
of this method for other compressible fluid flow problems is deemed promising.

REFERENCES

1. U. Bulgarelli, V. Casulli and D. Greenspan, Pressure Methods for the Numerical Solution of Free Surface Fluid Flows,

Pineridge Press, Swansea, U.X., 1984.

2. U. Bulgarelli, V. Casulli and D. Greenspan, ‘Pressure methods for the approximate solution of the Navier—Stokes
equations’, Proceedings of the Third International Conference on Numerical Methods in Laminar and Turbulent Flow,

Pineridge Press, Swansea, U.K., 1983.

3. U. Bulgarelli, V. Casulli and D. Greenspan, ‘Numerical solution of the three dimensional, time dependent Navier—
Stokes equations’, Proceedings of the Fifth Gamm Conference on Numerical Methods in Fluid Mechanics, Vieweg,

Braunschweig, 1984.



1012 V. CASULLI AND D. GREENSPAN

4,

5.

6.

O\ 00

11.

V. Casulli and D. Greenspan, ‘Numerical solution of free surface, porous flow problems’, Int. J. Num. Meth. Fluids, 2,
115-122 (1982).

V. Casulli and D. Greenspan, ‘Numerical simulation of miscible and immiscible fluid flows in porous media’, Soc. of
Petroleum Eng. Jour., 22, 635-646 (1982).

L. D. Cloutman, C. W. Hirt and N. C. Romero, ‘SOLA-ICE: a numerical solution algorithm for transient compressible
fluid flows’, T. R. # LA-6236, Los Alamos Sci. Lab., Los Alamos, NM, 1976.

. R.J. Le Veque and J. Oliger, ‘Numerical methods based on additive splittings for hyperbolic partial differential

equations’, Math. of Computation, 40, 469497 (1983).

. J. D. Anderson, Jr., Modern Compressible Flow, McGraw-Hill, NY, 1982.
. G. E. Forsythe and W. R. Wasow, Finite-Difference Methods for Partial Differential Equations, Wiley, NY, 1960.
. R. W. Davis and E. F. Moore, ‘A numerical Study of vortex shedding from rectangles’, J. Fluid Mech., 116, 475-506

(1982).
A. E. Perry, M. S. Chong and T. T. Lim, ‘The vortex-shedding process behind two-dimensional bluff bodies’, J. Fluid
Mech., 116, 77-90 (1982).

. V. Casulli and D..Greenspan, ‘Pressure method for the numerical solution of transient, compressible fluid flows’, T R.

203, Dept. of Math., The University of Texas at Arlington, 1983.





